
t ime ,  A; Nj, a p ropor t iona l i ty  fac tor ,  W/~ C; N 2, a p ropor t iona l i ty  factor ,  A/~ ATe ,max ,  m a x i m u m  t e m p e r a -  
ture  drop f r o m  gas  of charge  c a r r i e r s  to c r y s t a l  la t t ice ,  ~ ATL, max,  m a x i m u m  t e m p e r a t u r e  drop  f r o m  
c r y s t a l  la t t ice  to ambien t  medium,  ~ ATmax,  m a x i m u m  t e m p e r a t u r e  drop f r o m  t h e r m i s t o r  to ambien t  
medium,  ~ A T c r B  and ATcrC ,  t e m p e r a t u r e  drops  cor responding  to points B and C, r espec t ive ly ,  ~ 
d A T c r B / d t  and d A T c r c / d t ,  n u m e r i c a l  va lues  of the der iva t ive  at points B and C, r espec t ive ly ,  ~ 5, 
a constant  [7]; M, Lipschitz  constant;  t, t ime,  sec;  H, d iss ipa t ion  coeff icient  of the t h e r m i s t o r ,  W/~ and 
Cv, vo lumet r i c  heat  capaci ty  of the t h e r m i s t o r ,  W. sec /~  
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E F F E C T  O F  T H E  G E O M E T R Y  O F  T H E  M O V I N G  

W A L L  ON T H E  S T R U C T U R E  O F  T H E  F L O W  IN 

C O N F I N E D  F L O W  I N  A S L I T  G A P  

A.  A.  V o l k o v  a n d  L.  V. P o l u y a n o v  UDC 532.516 

An analyt ical  solution of the p r o b l e m  is  p r e sen t ed  with an e s t ima te  of the effect  of the wavy 
osci l la t ing wall  on the flow c h a r a c t e r i s t i c s  of a v iscous  liquid in a s l i t  gap. 

When analyzing the hea t -  and m a s s - e x c h a n g e  c h a r a c t e r i s t i c s  between a flow of liquid and a solid s u r -  
face  one m u s t  b e a r  in mind that the g e o m e t r y  of the channel walls  has  a cons iderable  influence on the s t r u c -  
tu re  of the flow. Exper imen ta l  methods a r e  widely used to solve this p r o b l e m  because  of the ma themat i ca l  
diff icult ies .  In [1] an e s t ima te  is made of the effect  of the rn ic rogeomet ry  of the su r face  on the s t ruc tu re  of 
the flow based  on a solution of the p r o b l e m  of Couette flow with a fixed wavy wall. 

We will cons ider  the m o r e  gene ra l  nons ta t ionary  case  when the wavy wall  p e r f o r m s  harmonic  osc i l l a -  
t ions,  the flow is confined, and the gap between the walls  h is fa i r ly  smal l  c o m p a r e d  with the c h a r a c t e r i s t i c  
length of the channel. The Reynolds num ber  is a s sumed  to be ve ry  much less  than 1. 

The law of motion of  the lower  wall  and the equations of  the upper  and lower  walls  can be wri t ten  in the 
f o r m  

xt = x0 + a sin cot; 

Yl (x, t) = esin k (x - -  a sin cot); 

Yu = h = const, 

where  a and ~ a r e  the ampl i tudes  of osci l la t ion of the wall  and the wavy surface ;  k, wave number ;  and ~, 

(1) 

A. I. Mikoyan Kuibyshev Engineer ing Building Insti tute.  Trans la ted  f r o m  Inzhenerno-F iz ichesk i i  
Zhurnal ,  Vol. 38, No. 3, pp. 473-479, March,  1980. Original  a r t i c le  submit ted  July 3, 1979. 
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frequency.  We will introduce the following dimensionless  pa rame te r s .  ~ = hk; 
par ~ = vk2/r 

fo rm 

1 =ak;  s = ~ / h ;  fl = k A p /  
In this case  Stokes '  equations, the continuity equations, and the boundary condition take the 

au _ [~ ap ( a2u 
a--i-= -G + ~ \ a~ + 

a__vv = ~ ap  + ~ ( 02v -4 
Ot a ~ Oy Ox 2 

Ov Ou + e O; 
ax Oy 

1 O~u ~ . 
~z Oy~ ) ' 

1 O~v ) .  
r Oy~ ' 

(2) 

y = e sin (x - -  a~ sin 0; v = 0; u = cost; 

y =  1; v = u = 0 .  

Assuming that e >> 1, and that fl, y are  a r b i t r a r y  quantities on the o rde r  of O(1), the solution will be 
sought in the fo rm of an expansion in se r i e s  with respec t  to the small  p a r a m e t e r  

U=U0q-~Ut~- . . . , 

V = vo q- evt q- . . . .  (3) 

P = P o + e P i +  �9 �9 �9 

We will confine ourse lves  to consider ing the l inear  approximation (oscillations of a smooth wall _and 
waviness effects which appear  on this "background") .  Obviously, for  the zeroth  approximation s = 0 and 
v = 0, and the mathemat ica l  p rob lem reduces  to solving an equation of the thermal  conduction type with bound- 
a ry  conditions of the f i r s t  kind. The veloci ty profi le for the zeroth  approximation (in dimensional quantities) 

has the fo rm 

Ap y(y  .h)+aCofo.r~ YY_~coscot__aO~o,~( Y_~_~sino~t, (4) 
uo = 2~kh z 

where 

l + i  
fo = s h ~ ( y - -  1)tsh~; ~ = V ~ ' "  (5) 

It is easy  to see that in this case  the longitudinal veloci ty is the sum of the Poiseuil le  and oscil lating 
veloci ty pr,~Ale. The solution cor responds  in its physical  meaning to the s imi la r  well-known para l le l  motion 
of a viscous liquid in a gap between upper and lower walls moving with constant  velocity [3 ]. 

Consider  the effects of the f i r s t  approximation. The f i r s t  approximation for u and p will be found in 
the f o r m  of a sys t em of equations (2) in which we put u = ul and v = v 0. The boundary conditions on the fixed 

wall a re  

y = l ;  V o = u i = O ,  (6) 

1 02u ' o 
2 Oy 2 Ym+ . . . .  

1 O ~  I 2 
�9 l'o y m ~ -  " " " 2 Oy2 

(7) 

and for  the moving wall, f rom [4] we have 

Ou 
u (Yr~ = u (0) @ ~ 0Ymq 

Ov 
V(Ym.)=v(0)+ - -  ym q 

Oy o 

Substituting se r i e s  (3) for  u and v and taking the boundary conditions into account we finally obtain 

I ~ f~ r(O)cost + ,o,~ (0)sin t I sin ( x -  r t), (8) y = O ;  vo=O; u~= 2--~- - -  " 

where f~,r(0) = - R e a l k  eothMf~,i(0) = - I r a  ~ eoth k. 

Since all the required  functions are  periodic in x and t, the solution will be sought in the fo rm of double 

complex Fou r i e r  se r ies  [5] 

ui = Z c;~z (Y) eil~+n) " 
K,! 
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V o = ~.~ "r,m~ (y) ei(m~+'a); 
m , n  (9) 

p, = ~ n,., (y) e i(,=+~') , 
r,s 

where the summation is carried out over the integer numbers from -oo to +o% 

Substituting (9) into the initial system of equations and equating the coefficients with the same exponents, 

we obtain a system of equations for determining ~, ~, ~:. 

7 

~., = __~ ~ , . ,  
7 

i~o.~ + ~[-~ = O. 

The b o u n d a r y  cond i t ions  on the f ixed wa l l  a r e  

y = 1; %~ = O; ~,~ = O. (11) 

On the movab l e  wal l  with y = O, �9 = O, and g, tak ing  (9) into account ,  e x p r e s s e d  in  t e r m s  of i t s  o r i g i n a l  [5], 

has  the f ina l  f o r m  (we omi t  the f a i r l y  l eng thy  ca l cu l a t i ons )  

gi i 
%, (0) = - ' -  [6_,, - -  (--. ])~ 5,,,1 ,fz (=,) - -  - :  [5_,,, + ( - -  l}, ,~,,,1 [f~ (0) .,'~_, (a,) + ,f' (0) .f,+, (o,,)1, 

? 
(12) 

w h e r e  6 k is  the K r o n e c k e r  de l ta ;  J l ( a ) ,  B e s s e l  func t ion  of the l - t h  o r d e r  of a r g u m e n t  a ;  and the p r i m e  on 

the func t ion  f deno tes  the complex  conjugate .  

As fol lows f r o m  the b o u n d a r y  cond i t ions ,  the c o m p o n e n t s  of the so lu t ion  with k = • 1 d i f fe r  f r o m  z e r o  

whi le  the s e r i e s  in  l i s  in f in i te .  

w h e r e  

Solving (10) - (12)  we have 

, --(ot T : [ qey @ C2y--u @ c3e~ ~' c~e ; 
I(clO) • (o) j c2 y) e y-r' (c~ ~ 1 7 6  -y ,  

( i3 )  

/ i l  
co= 1 + - ~ - ;  l=~aO, ! = 0 .  

W e  can  now f ind ~ 4 _ l , / a n d  7 r+ l , l"  f o r  l ~ 0 

a• ,l (y) • i (c~e y § -~ ' :~ "~Y . . . .  -~'J" 

il 
~• ( y ) =  - -  - - ( c ~ e  ~' - -  c~e-~);  

and for  l = 0 

(14) 

o•  ,o (Y) = _+ i I (c~~ -+ -+- c~ ~ + c!,~ e y + (c~ ~177 - -  ~5~(~177 - -  ~4"(~177 eY]; 

2v . (o)• c~O)• (15) 
~_+,, 0 (y) = - ~ -  ,c~ ~ + 

Using  the equa t ions  obta ined ,  in  which a l l  the quan t i t i e s  a r e  known, while  the c o n s t a n t s  can be d e t e r -  
m i n e d  f r o m  the b o u n d a r y  cond i t ions ,  the so lu t ion  of the equa t ions  of the l i n e a r  a pp r ox i ma t i on  can  be  found in  

the f o r m  

ui = ~.d [~,,z (Y) e i'~ + ~_,,z (Y) e -'~] e "t ; 
Z 

v0 = ~ [~,,~ (y) d*  + ~_i,z (g) e -ix] e "t 
l 

(18) 

p~ = ~ [~l , l  (g) e ;x + n_i,z (y) e - ix]  e "~ 
l 
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As a speci f ic  example  we will cons ide r  the l imit ing case  of hf and If  osc i l la t ions  of the wavy wall,  i .e . ,  

~'k kAp 
pao~ z 

Under these  conditions the ve loc i ty  p rof i le  in the ze ro th  approximat ion  (see  Eq. (4)) has the f o r m  

~ - - ~  'J ( Y  c0t). (17) Uo = y (y - -  h) + aco e hv'~ cos. h ] Z ~  

The ampli tude of the osci l la t ing flow, supe r imposed  on the veloci ty  p rof i le  of the Poiseu i l l e  flow, decays  
exponent ial ly  with d is tance  f r o m  the osci l la t ing wall  with a depth of pene t ra t ion  of the o rde r  of h ~ 2 ~  and an 
osc i l la t ion  length of 27rh~ / 23'. Consequently,  along the ve loc i ty  prof i le  of the confined flow there  t r ave l s  a 
wave with phase  ve loc i ty  

V+ = ] Z 2 ~ .  (18) 

Cons ide r  the ef fec ts  of  the f i r s t  approximat ion ,  which will i n t e rac t  with those desc r ibed  above. 

Since fo = e x p ( - k y ) ,  we have f~ =-exp(i~/4)~-~-~,  and we can s impl i fy  the exp re s s ion  for  C ~ b l ( f l ,  31, a t ) ,  
a s suming  also  that  a 1 << 1. 

Since the solution has the s a m e  o rde r  of magnitude as the boundary conditions (when all the remain ing  
boundary  conditions a r e  equal  to z e r o ) ,  then, confining ou r se lves  to the pr inc ipa l  t e r m  of the expansion in a t 
and T, we need re ta in  only those t e r m s  of the s e r i e s  in l which co r r e spond  to l = • 1. We will a lso neglect  
t e r m s  of the o r d e r  of 0(3"- t/2) c o m p a r e d  with t e r m s  of the o r d e r  of O(1) and we finally obtain 

u~ = a~,~e i(x+t) -[- ai, ~e ~(x-t) q- ff_i,te -i(x-t) -J- ff_i,_te-i(x+t); 

(19) 
vo ~ Ti,i ei(x§ �9 ~i, le i(x-t) -}- ~_i,je -i(x-t) -~- T t i e-i(x§ ; 

= �9 --~(x+t) P~ ~ l  i r  q -  rq, _ir (x-t) + ~_~. le "-~(x-t) ~ ~_~, _te . 

Omitt ing the long and fa i r ly  tedious calculat ions,  we will give the r e su l t s  obtained for  ~, ~, r 

a ~ t . 0  = • i ~--- [(0.143 - -  0.182 y) ey + (--0.39 + 0.715y) e-Yl; 
,? 

n •  ,0 = - -  1,43 (0.254eu + e--Y); (20) 

x• o = ~-- [(0.325 - -  0~ 182 y) eu - -  (0.325 + 0.715 y) e-u]. 

The final solution has  the f o r m  

u~ = Real F, Cy) e 't sin x q- F o (y) sin x -t- . . . .  

vo = Real G, (y) e it cos x + Go (y) cos x -}- . . . .  (21) 

p, = Real H ,  (y) e ~t cos x -}- Ho (y) cos x -}- . . . .  
where  

F0 = - -  2 ~ [(0.143 - -  0.182 y) e y -F ( - -  0.39 -F 0.715 y) e-Y]; 
Y 

Go :- 2 ~ [(0.325 - -  0.182 y) ey - -  (0:325 + 0.715 y) e-y]; 

H0 = - -  2.86 (0.254 eu + e-u); 

Fl = - - ~ - e  cos ] /z~ 4 '  g2-~? 4 ' 

Y 

G,-- sh(l--Y)sh 1 +e 1+'2~ (eos~- - -~- - - i  sin ~ - ~ ,  ); 
i ch (1 - -  y) 

Hi 
~sh 1 

The e x p r e s s i o n s  obta inedhave  an asympto t ic  c h a r a c t e r  (~y -+ 0). 

The qual i ta t ive nature  of the flow pa t t e rn  for  solutions of the f i r s t  approximat ion  a r e  shown in the f igure.  
Close  to the wavy moving wall  the re  is a c i r cu la t ion-per iod ic  (with r e s p e c t  to x) flow. These pe r tu rba t ions  
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Fig. 1. Quali tat ive nature  of the flow pa t te rn  
of a v iscous  liquid in a plane chm~nel with a 
wavy wall.  

decay  on the fixed wall.  The flow desc r ibed  by t e r m s  with indices 1 (Eq. (21)) r e p r e s e n t  a sequence of 
coupled "osci l la t ing"  c i rcu la t ions  with a d i rec t ion  of the per tu rba t ions  of the veloci ty  on the su r face  in the 
reg ions  s i n x <  0, opposi te  to the motion of the wall. 

The flow desc r ibed  by t e r m s  with indices 0 is s t a t ionary  c i rcu la t ion-per iod ic  (with r e s p e c t  to x) flow. 
Unlike the prev ious  motion, motion he re  also ex is t s  inside the c i rcula t ion  zone with veloci t ies  which a r e  
O (~-7) t imes  less  than the c i r cu la t ion-pe r iod ic  veloci t ies .  

The comple te  flow is  an e x t r e m e l y  complex pa t t e rn  of a se t  of Poiseui l le  confined flow on the veloci ty  
prof i le  of which a " t rave l ing"  wave is supe r imposed  f r o m  the wall  with a per iodic  pe r tu rba t ion  of the prof i le  
of the wall  in the f o r m  of "osci l la t ing"  c i rcula t ions ,  and supe r imposed  on this there  a re  s t a t ionary  c i r cu l a -  
t ion-per iodic  flows etc. F u r t h e r  expansion of the s e r i e s  in l (or with r e s p e c t  to the p a r a m e t e r  k a  << 1) would 
give an additional set of hf "oscillating" circulations, but their intensity is obviously small. 

For the If limiting case with T >> I, fl >> I, c~ I << 1 the final solution has the form 

ui -- 4e - ich leY (y + 1) -I- (1 - - e s h  1) e-v ( y - -  I) sin x cost; 
sh21 

v ~ = 2  ( 1 - - e s h l )  e v y - i - - e - i c h l e v ( y + l )  cosxcost;- 
sh 21 

P i = 8 !  ( l - - e s h l )  e-v (Y - -1)  - -  e - i c h l e v ( y + l )  cosxcost. 
sh21 

The qual i ta t ive nature  of the flow pa t t e rn  is of the s a m e  f o r m  as for  the case  of hf osci l la t ions.  However,  
the nons ta t ionary  effects  a r e  l ess  pronounced here .  On the convexi t ies  and waviness  (sin x = 0.1 and ~ = :~e) 
the flow is  l aminar .  In the ze ro th  approx imat ion  the Poiseui l le  veloci ty  prof i le  is c o r r e c t e d  by the motion of 
the wal ls  with a veloci ty  d is t r ibut ion law which is  p rac t i ca l ly  l inear  with depth, on which a r e  supe r imposed  
the effect  of the f i r s t  approximat ion,  i .e. ,  the waviness  of the wall  mani fes t s  i tself .  
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